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Abstract
Please feel free to use this IXTEXdocument in any publications for high-order CCM that you
wish to write. I have checked the equations, but please note that there may be a few errors
remaining — especially relating to definitions of bra- and ket-state coeflicients and expectation
values. Expansions of spin operators in terms of the high-order operators ought to be correct.

Please let me know if you see any errors!



I. CCM GROUND-STATE FORMALISM

The ket and bra ground-state energy eigenvectors, |¥) and (U], of a general many-body

system described by a Hamiltonian H, are given by
H|V) = E,|0) ; (V|H = E,(J]. (1)

Furthermore, the ket and bra states are parametrised within the single-reference CCM as
follows:
W) = eS|<I>> o S= ZSIC;F ,
1#0

(W] = (®|Se™ ; S=1+>8Cr. (2)
170

It may be proven from Egs. (1) and (2) in a straightforward manner that the ket- and

bra-state equations are thus given by

(®|Cre"He®|®) = 0, VI#0 ; (3)

(®|Se™5[H,Cf1e5|®) = 0, VI#0 . (4)

We note that these equations are equivalent to the minimization of the expectation value
of H = (U|H|¥) with respect to the the CCM bra- and ket-state correlation coefficients
{S;,S;}. We note that Eq. (3) is equivalent to §H /6S;, whereas Eq. (4) is equivalent to
§H /6S;. Furthermore, we note that Eq. (3) leads directly to simple form for the ground-

state energy given by
Ey = E,({S1}) = (®le” " He"|D) . ()

The full set {S, 51} provides a complete description of the ground state. For instance, an

arbitrary operator A will have a ground-state expectation value given as
A= (D]A|D) = (®]Se " 4e%|) = A ({81, 81}) . (6)
The similarity transform of A is given by,

AzeSAeS:AJr[A,S]Jr;![[A,S],S]Jr--- : (7)



II. HIGH-ORDER GROUND-STATE OPERATORS AND COMMUTATIONS

We begin the treatment of high-order CCM by introducing the ket-state correlation op-

erator given, as usual, by

S = zl: Z SZ'L...J'ZSZ e S;l_ (8)

i1,y
However, it is important point to note that each of the indices {iy, i, --,4;} runs over all
lattice sites, and that there are (I!) orderings of these indices. Thus, we now introduce explic-
itly a single ordering to the {i, i, - -,;} that we shall indicate by the symbol [y, g, - -, 7]
We do this so that we never need to determine explicitly the factors of type (I!) in the later
“pattern-matching” exercise used in order to find the CCM equations. Thus, we rewrite the

CCM ket-state correlation coefficient S; as x; = (I!)Sy, such that

S=D > @St st 9)
z .

[i1,%1]

We may now write a set of high-order CCM ket-state operators, given by

— + +
Fy =2 Z[ig,m,m Lhyiz, it Sig * " 54
— + +
Grm = 2051 Xfig, ] Thimsis,iy Sig """ Siy (10)
= + +
Mkmn == Zl>2 Z[ig;,m,il} l‘k,m,n,u,---,il 81'4 e Sil

— + +
Nkmnp == Zl>3 Z[ig;,"',il} xk’man>p7i57"'ail 825 T Sll

Again, we note that this approach means that we never need to determine explicitly the
factors (I!) in the high-order operators, which actually was the case in earlier versions of the
high-order CCM code. In practice, this speeds up the CCM code greatly. The indices k, m,
n, and p depend on sums in the Hamiltonian, and so (at least) one of these indices might

possibly still run over all lattice sites. Furthermore, the following commutation relations



may be proven:

[s%, 5] = By,

(s, 5] = —2F.87 — Guesi

(st Fm] = Grmsi

(57 Grn] = Mymnsy,

[sis Fnl = 2FnGrnsi (11)
(55, Fon = —2kas§—Mkkmsz ,

[si, F2] = =2G%.s8 — 2F, Mgms) — 4F,Gemsi

[t Minnp) = Nkmnpsk 5

(50, Gmn] = —2MymnSi — NikmnSt

We may now write the similarity-transformed expressions of the single-spin operators

s a={+,—, 2z}, where s~ = (s7)T = s* —is?, as
St ,S — g+ ot
e sie’ =8 =5
e 9sie® = 8 = 57+ Fisf (12)
CS S — i o + 2t
e s e’ =5, =5, —2Fisi — Guesy, — Fis,

We see that there is a repeated index in Gy in the similarity transformed version of s~

Clearly, this term contributes only for systems with spin quantum number s > %

III. DERIVING AND SOLVING THE CCM GROUND-STATE EQUATIONS

We now wish to determine and solve the CCM ket-state equations, where the I-th such

equation is given by
E; =(0|Cre "He®|®) =0 VI #0 . (13)
(Note that we assume that (®|C; C;|®) = 1 in the above equation). Specific terms in the

Hamiltonian are now explicitly written in terms of the high-order CCM operators as:

TERM 1 : = §7s7 4 Fys|s; + Fysfsi + Gijsfs) + FiFjs s

5j
TERM 2 : §Z§j+ = 55+ Fiss)

TERM 3: 875, = —2F;sis; —2Gy;s] 57 — Gyjs) 57 — Mmsﬂsjr 2FFys/s;
—2F;Gyjsf s — F,Gj;st s FF2 Ffsjsf
TERM 4 : 5757 = sfs; + Fjs s



TERM 5: 5,5 = —2Fisfsj — 2Gy;sTs? — Gysf st — Miijsjs;r — 2FZ-FjS~+5?

J<7 < J J e

+oF +oF 2 A+ ot 2 + .2
—2F,Gjs; s; — F;Gis; s; — FyF7s]s) — Fis/'s;

% i j
it T — _9F .ot (V.o _ F2et ot
TERM 6 : 575, = —2F)s|s; — Gyjs;"s] — Fjs]"s;
CamEt — + o + ot 2 + o+
TERM 7:s;s] = —2F;sjs; — Gus/'s] — I/ s/ s;

TERM 8 : 5/5F = sjsj
TERM 9: 5,5, = 4GiijS§ + QMZZij_Sj + 2Mijjsjsf + Niijjsfsj

+2G st ST+ 2FjMiij5i+3;r + 4F;Gyjstsi + AF;Fyss:

ot g J e

+4EG”S;~_S§ + 2FiijS;-’—S;_ + 2FiMijj8j_S;r + 4EF}G”S;_S;—
+2FFl st 57 + 2F;Gys/ s7 + GuGysfsf + FrGisl st

+2F7Fys{ss + FGjsfsh + FPFr st st

J
TERM 10: § = s + Fysf
TERM 11: 5, = —2F;s? — Gusi — (F))%s;

TERM 12: (82)% = (s7)2+ 2F,sts7 + Gu(sH)? + Fi(sH)? + F2(sH)?
TERM 13: 5 = s (14)

(2

(Note that s~|®) = 0 is implicitly assumed in Eq. (14) above.) We now “pattern-match” the
C; operators to those the relevant terms in the Hamiltonian from Eq. (14) above in order to
form the CCM equations E; = 0 of Eq. (13 at a given level of approximation. These coupled
non-linear equations are then solved readily by using, e.g, the Newton-Raphson method.
However, these are solved via direct iteration for larger values of the approximation level
because the cost of storing the Jacobian in local memory for the Newton-Raphson (or other)
method becomes prohibitive. This may be parallelised also to achieve very high orders of
approximation and this is discussed below.

We now define the following new set of CCM bra-state correlation coefficients given by
#; = Ng/N()v;S; and we assume again that (®|C;CF|®) = 1. Note that Np is the
number of Bravais lattice sites. Note also that for a given cluster I then v; is a symmetry
factor which is dependent purely on the point-group symmetries (and not the translational
symmetries) of the crystallographic lattice and that [ is the number of spin operators. We

note that the coefficients vy, and (I!) etc. never need to be explicitly determined. The CCM



bra-state operator may thus be rewritten as
~ NF
S=1+N> 707 (15)
=1

such that we have a particularly simple form for H, given by
H= N> &E; | (16)

where Zo = 1. We note that the Ej is defined by Ey = +(®|e *He”|®) (and, thus, Ey =
~FE,) and that E; is the I-th CCM ket-state equation defined by Eq. (13). The CCM
ket-state equations are easily rederived by taking the partial derivative of H /N with respect

to 7, where -
O(H/N)
0Zr

We now take the partial derivative of H /N with respect to x; such that the bra-state

equations take on a particularly simple form, given by

E

0
Z'rj(;

S(H/N) _ 5

51‘[ Ir

J
. =F; . (18)
The equation E; = 0 is easily solved computationally via LU decomposition for low to
medium orders of approximation or via direct iteration (which may be parallised — discussed
below) for even higher orders of approximation, once the CCM ket-state equations have been
determined and solved. The numerical values of the coefficients {Z;} may thus be obtained.
We note that this approach greatly simplifies the task of determining the bra-state equations
because we infer the bra-state equations directly from those of the ket-state equations via

Eq. (18). Thus, we never need to evaluate Eq. (4) explicitly.

IV. GENERALISED GROUND-STATE EXPECTATION VALUES

Expectation values of spin operators may be treated in an analogous manner to that of

the expectation value of the Hamiltonian, given by H. We write:
Ar = (®|Cre 5 Ae”| D) (19)

and with Cy = 1. The similarity transform of A is defined by Eq. (6) and once again this

process results in terms such as those shown in Eq. (14) may again be employed. However,

6



we do not constrain £ and m in two-body terms to be nearest-neighbours although in this
case. The expectation value of the generalised may again be written in a particularly simple

form as
A = (V|A|D)

Np
= N> 7/(®|C; e Ae®|P)

1=0

— NF

1=0
where Zp = 1 also and Ay = +(®|e " Ae®|®). The same code used to find ground-state
equations may be used to find the generalised expectation values. Again we note that the
index I in Eq. (20) runs from zero to Ny. Again, we note that factors such as N or vy or !

in F; do not need to be determined explicitly because they cancel because of the definition

of {Z;} given above.

V. DIRECT ITERATION OF THE GROUND-STATE EQUATIONS AND PAR-
ALLELIZATION

The parallelization of the ground-state CCM problem for very high-order CCM is achieved
by solving the ket- and bra-state equations (i.e., E; = 0 and E; = 0, respectively) via direct
iteration. For the case of the ket-state equations this is slightly more complicated because
there are non-linear terms with respect the ket-state correlation coefficients {x;}. We collect
the linear terms for x; for the i*" CCM ket-state equation on the left of the equation and
all other terms on the right. We carry out exactly the same procedure for the bra-state,
although in this case the problem in linear with respect to {Z;}. This is written conveniently

for the ket state as
Ty = E[(.l’l,l'g,"'7ZL']_1,IL'[+1,"',l'Nf.7ZE%,J]§,"',ZEil,"',Il}vf) , (21)
and for the bra state as,
(E’[ = E](fl,jg,"',f]_l,j[+1,'",i‘Nf ; l’l,ZL‘Q,"',,INf,ZL'%,I%,"',iL’?,"',I?Vf) . (22)

Clearly, these equations may be solved for x; and Z; by iterating them “directly” until
convergence. Indeed, the local memory usage is vastly reduced because we do not need to

store any Jacobian or other large matrix that scales in size with NJ%.
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Furthermore, the computational problem posed by solving Eqs. (21) and (22) via direct
iteration may be solved using parallel processing. The different equations of Eqs. (21) and
(22) for different values of the index I are determined separately on different processors.
The equations for the different values of I are then stored locally to each processor. As each
iteration of the “direct iteration” method we find the right-hand sides of those relevant values
of I allocated to each processor. We then collect the right-hand side into a single array and
this forms our values for x; or Z; for the next iteration. Again, we note that we must solve
the ket-state equations of Eq. (21) first and then these values for the ket-state coefficients
are used in the bra-state equations of Eq. (22). This approach is a simple “brute-force”
method, although it has been found to be surprisingly successful at going to very high orders
of approximation. Indeed, we may now treat of order 10° fundamental clusters using this
approach and for approximately 10® processors used in parallel. Clearly, a similar approach

may also be used to find the “generalised” expectation values via parallel processing.

VI. THE EXCITED-STATE FORMALISM

We now consider how the excited state may be treated using the CCM via a high-order

approach. We begin by remarking that the excited-state wave function is given by
W) = X© D) . (23)

The Schrodinger equation, E.|V.) = H|V.) and the equivalent equation for the ground state

lead (after some simple algebra) to
€.X°|®) = e [H, X°]e’|D) (= R|D)) , (24)

where e, = E, — E, is the excitation energy. We note that the excited-state correlation

operator is written as,
Xe:Z:XIeC’jr , (25)
1#0
Eq. (25) implies the overlap relation
(D|W,) = (@]Xe5|)
= (®|V,) =0 . (26)



We now apply (®|C; to Eq. (24) in order to form the basic equation for the excited state,
given by
€ Xf = (®|Cre ™ [H, X )e5|®) VI #0 (27)

which is a generalised set of eigenvalue equations with eigenvalues €, and corresponding
eigenvectors X7. We note that the choice of clusters for the excited-state may be different
from those for the ground state. For example, the ground state for the model considered
here is in the subspace s7 =3, s7 = 0, whereas the excited state has s7 = >, s7 = +1. The
number of excited-state “fundamental” clusters that are distinct under the translational and

point-group symmetries of the lattice and Hamiltonian is given by Ny, .

VII. HIGH-ORDER EXCITED-STATE OPERATORS AND COMMUTATIONS

In a similar manner as for the ground-state, we now define excited state operator via
X=> > X7 st s (28)
Lo iz,

where the expression [iy, - - -, indicates that we choose one of the ({!) possible orderings

, = (I1)&X7. We now also define the further

of the spin-raising operators and X7 = X¢ _;

high-order operators for the excited state, given by

= e + +

Py =200 Ylinsit] Xhigiy Sin " Say
— e + +

Qrm = 2ot Ligyit] Xoymyi,in Sis " Si (29)
— e + +

Bymn = 252 Lfigoit] Xhymonsiasin Sia " Sy

— e n
Tkmnp = Zl>3 Z[i5,~--,il] Xk,m,n,p,ig),...,il Sttt S

Again, we note that this approach means that we never need to determine explicitly the

factors (I!) in the high-order operators. The following commutation relations may also be



proven:

[si.X] = B,

(s, X] = —2Pusi — Qusi

[sis Pu] = Qumsi

5% Qmnl = Rimnsi

[s7, P2] = 2PkamS,i_ ) (30)
(s Pl = —2Qumsi — Rixmsy

(s, P2] = —2Q% sy — 2PnRixmSi — 4P Qrmsi

(8% Ronnp] = ThmnpSE

(57, Qmn] = —2RkmnSi — TikmnSi -

VIII. DERIVING AND SOLVING THE EXCITED STATE EQUATIONS

We now wish to determine and solve the CCM excited-state equations given by Eq. (27)
Specific terms in the Hamiltonian are now explicitly written in terms of the new excited-state

high-order CCM operators as:

TERM 1: e %[sis?, X‘|e® = Pisfs; + PiFjsfsi + Pjsfs; + PiFisfsh + Qs st

197

TERM 2: e 9[s?s, X¢e® = Pisfsy

1970

TERM 3 : e *[sis;, X|e® = —2PFjs/s% — P,.Gjjstst — PFlstst —2P;s}s; — 2P Fys] s}

1950 J J ot

—2P;Fs;s7 — 2P;Gijsfs] — 2P FiFys|s] — 2Qq;s; s

)

O)..cTet _()..¢Te? _ F()..cteT — R... cteT
—2F;Qy;s; S QJJSj s; — FiQjjs; S Rij;s; S5

TERM 4 : e %[sfs7, X¢|e® = Pjsfs}
TERM 5 : e %[s; 55, X)e® = —2P;F;sfs; — P\Gysfsi — PjFls] s — 2P,s}s; — 2PiFys} s

721

—2P,F;sfs% — 2P,Gyjsf sT — 2P, F;F;sf s — ZQijsjsf

j ijSi Sj j
+ o+ + o7 + o+ + o+
—2FQijs; Sj — Qiis; S — FiQus; s; — Riijss;
e =S et o e1,.S _ ot _ ). eTet R.etot
TERM 6 : e "[s]s;, X ]e” = —2P;s]"s? — Qs8] — 2P;Fys]s;

TERM 7 : e ®[s;sF, X¢]e® = —2P;s7s; — Qusis; — 2P Fis] s}

i 250

TERM 8 : e [sfsT, X¢e® = 0

/I

TERM 9 : e [s; 57, X¢]e® = 4P F;sis® + 4P,Gijsi s

i 95 i p + QHG]‘]‘S;_S? + 2PZ‘MZ‘]‘]‘S+S;—

J i %

+4P,FiFys|s5 + 4P, F;Gijsis) + 2P FGyysts] + 2P¢FiFj25~+Sj
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+2PZF’]2$;—S;Z + QQZ‘Z‘FJ‘S+$Z + QZZG]] i S + QMFQ
+4Qijs -+ 4QUF S+SZ + 4sz-Fz51 S; + 4QijGijSi Sj
+4Q13EF}52 8- + QRZ‘Z‘ijSZ- + ZRZZ]F}SjS;r + 2Rijj5j8iz

—I—ZRWFS s + sz ; s +4P;Gy;s sz + 2PjM“'S+S;—

ijS; 1594

+4P;Fis;s5 + 4P FiFys) s7 + 2P;Gys; 55 4 2PGy Fys| sy
+2PF} s} i + 2P F] Fysf st + AP F,Gyjsf st + 2Q;Fysts?
+Qy;Gusi 5T + Qy Fis sf
TERM 10 : e ¥[s7, X¢]e® = Pys;
TERM 11: e ¥[s;, X¢e® = —2P;s7 — Qus; — 2P, Fs;
TERM 12 : e7%[(s7)?, X¢]e® = 2P;s7s? + Qui(s7)* + Pi(s7)? + 2P Fy(s])?
TERM 13 : e ¥[sF, X¢]e® = 0

(Note that s~|®) = 0 is implicitly assumed in Eq. (31) above.) Again, we now “pattern-
match” the C] operators (this time with respect to the fundamental set of the clusters
in the excited state) to those the relevant terms in the Hamiltonian from Eq. (27) above
in order to form the CCM excited-state equations at a given level of approximation. By
contrast to the case for the ground state, we see that the high-order operators of Eq. (29)
are in linear in those terms in Eq. (31). We choose the eigenvalue of lowest value to be
our result, and this method was found to provide good results in regions of the parameter
space for which the model state was a good choice. Hence, once again we note that we have
formed an eigenvalue problem, which is readily solved using a standard eigenvalue solver.
However, the computational problem thus formed uses local memory that scales with the
number of fundamental clusters used in the excited state, i.e., as N?e. Again, this becomes
prohibitive computationally for extremely large values of Ny, and so we again use direct

iteration methods.

IX. DIRECT ITERATION OF THE EXCITED-STATE EQUATIONS AND PAR-
ALLELIZATION

The eigenvalue equations of Eq. (27) may be iterated directly in order to solve them.

We denote the matrix for the eigenvalue problem of Eq. (27) by A and we denote the

11
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eigenvectors by y = (X§,---, X NFE)T' Hence, we iterate directly the eigenvalue equation
given by
Ay =y . (32)

This is just the well-known “power iteration” method and the ratios of X7 in successive
iterations yields the relevant eigenvalue. However, the eigenvalue determined in this manner
is the eigenvalue of largest magnitude, A\yax, rather than the lowest (generally the one of
smallest magnitude Ay for our purposes) that we wish to obtain here. Thus, we use find
the eigenvalue of smallest magnitude by using the “shifted” power iteration method. Once

Amvax has been found, we then solve the following eigenvalue equation by direct iteration:
(A — )\MAXI)y/ = )\,y/ . (33)

This process ought to converge to an eigenvalue X = Ayin — Amax. Indeed, this was found
to be the case for the model studied here at all levels of approximation in those regions
where the model state was a “good choice”. Furthermore, we saw that the lowest-valued
eigenvalue obtained in this manner agreed perfectly with those results for the eigenvalue of
lowest values obtained via a complete diagonalization of the matrix eigenvalue problem at
every level of approximation.

We note that the local memory usage is again far lower for this “power iteration” approach
rather than the corresponding “complete diagonalization” of the matrix problem because
we need store only the values for the set {X§} at each point. Finally, the direct iterative
solution of the CCM excited-state problem may be parallelized readily. Again, we share the
problem of finding the right-hand side of Eq. (27) over all processors for different values of
I. We then collect the results together in order to form the left-hand side of Eq. (27). We

iterate to find A\yax. A similar parallelization process is then used to find Ayy.
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