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Problem setting

=0 — release time.

J={J;,J,,...,J,} —setof jobs to be processed.

p, €[p-, p’] — processing time of job J..
Preemptions of operations are not allowed.

The exact value of the duration of a job will be known
after the completion of this job. The objective criterion is:

%Ci—> min (1)

(C; - the completion time of job J))
p<p<p’|2G 2)

If pt =pY forall jobs 4;, then an instance 1|| > C. can be
solved in O(nlogn)time".

“Smith W.E. Various Optimizers for Single-Stage Production. — Naval Research and Logistics Quarterly. — 1956. —
3, Nel. - P. 59 - 66.

2



A duration vector p e T —scenario

T={p|peRyp-<p =pY,ie{l,K, n}}=xL[pk, pY] - the set
of all scenarios.

1| p|>.C. — deterministic problem with a fixed scenario peT

M={n,..., .}

Theorem 1. A permutationn, = (J,,Jy,,.-,Jy ) € I of the jobs J Is
optimal for the instance 1| p| > C; if and only if
pkl g na S pkn
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RELATED RESULTS: The Optimality Box

M = (k. ), ki <k <. <k -ordered subset of the set {1,2,...,n}

|’|2 ’|||

Definition 1. The maximal (with respect to inclusion) rectangular box (3)

OB (7, T) =[P U Tx P u T x [ 0 1T

is called the optimality box for the permutation 1, = (Jy ,Jy ..., Jy ) € 11

with respect to T, if the permutation 7, being optimal for the instance
1| p|>.C; with the scenario p=(p,,p,,., p,) €T remains optimal for the
instancel| p’| > C. with any scenario (4)

p'elpy, P I[Py, Pl x DBy g Py IXIEP WP T DRy g By g1

x[ Py, P, ]-1f there does not exist a scenario p eT such that the permutationr,
is optimal for the instance 1| p|>_C;, then OB(z,,T)=<.

opt

[P, u™ T, 1P <ud™, -segment of optimality for the job J, e J



" JJ
The Optimality Region

Definition 2. The maximal closed region OR(n,,T)< T in the set R" is called
the optimality region for the permutation wt, =(J, ,Jy ,...,dy ) € II with
respect to T, if the permutation 7, is optimal for the instancel| p | > C; with
any scenario p=(py, Py, Py) €OR(m,,T).

If there does not exist a scenario p € T such that the permutation, is optimal
for the instance 1| p| > C;, then OR(%,,T)=9.

OB(m,,T) < OR(x,,T)
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The Optimality Region: Example

Table 1. Input data for the instance 1|pf < p 5;5 5O

i

N WS A W WS VN U VY Types of segments for each job J, €
E 5 & 0 10 6 14 15 20 18

In the fixed permutation
TEk — (Jkl’JKZ yauny Jkn) € H

.]c-bs J;
--'F]II R
o] | | the segment of optimality
7] ™ w1 [pE Y]
. =
s | the segment of conditional optimality
d [ ugPT< [Pk, Py ]
J4
Js| the segment of non-optimality
Ja
. [ig upr] < [k, py ]
i i’?ﬁfﬁ?ﬁg
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The segment of optimality

Table 1. Input data for the instance 1|pf < p 'Ej"g- > C; TypeS Of SegmentS fOI‘ eaCh JOb ‘Jk c J
r

S — : : In the fixed permutation
R B U S T =y dy, e Jy ) €D

—

|t the segment of optimality

.]c-bs J;

opt |, 0Pt Definition 1
] [ u 1< pe ,pk ] (Definition 1)
Jo | permutatlon 7, being optimal for the
7. instancel| p | > C. with the scenario
7| — p=(p,,P,,- P,) €T, remains optimal
Ts | for the instance 1| p'| > C. with any
Ji | scenario
Ji | p'elpy, P IX[P,, Py]x -0
.JT:;" X[p|g_1; p|g_1] [IOPt Opt]x
Js
Ll  Processing [Py 10 Pig XX [Py P

12345678 9101112 1415 15 20 v
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The segment of non-optimality

Table 1. Input data for the instance

lpf <

pi <p!| 3G

Types of segments for each job J, €J

In the fixed permutation
TCk — (\Jkl,\]kz ,...,\Jkn) (S H

the segment of non-optimality

[Ion,uper] < [pk , pY ]

Processing
times p;

12345678 9101112 1415

15 20

for any each point p, € [1g°", ugen] , the
permutation m, = (Jy , Jy, sy ) €11

cannot be optimal for the instance
1| p|>_C; with any scenario

P=( Py ) €T
there existsajob J, €J, r<v,

U —|non - — (ghon
pkv kr pkr ukr

or there exists a job J, €J, w<r,

non — L non — L
" = Py, <UL =Py,
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Table 1. Input data for the instance

The segment of conditional optimality

lpr'f' < P

lf
i

F! -
— Types of segments for each job J, €J

In the fixed permutation
TEk — (Jkl y sz youny

the segment of conditional optimality
[ u™ < [, pY ]

Jy )ell

for each point py e[lCOIOt uCOpt],
pk ez[I”O” u”°”] there exists a job
Jy, €4, d #r, with the inclusion

e[py, P&, 1

Pk,

Processing
tlm es p;

12345678 9101112 1415

LS 2'[]I



» S

Properties of the segments for the jobs

Table 1. Input data for the instance 1|pf < pi E,_HE" P&

=]

bad | &0
—
ot | e
[S0] =] .
=
—
[y

6 14

| | L3
-] ]
—
o

=
e Ty
s
(S04 == ] ]

0 18

L=

Jobs J;

(om,upem) A [P, uP ] = &

[P, U A (I8P, u™) = @

T

[|lf:3pt,ulffpt] A (|l?ron,ul?ron) =

7, Processing
times p;

12345678 9101112 1415 15 20
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Properties of the segments for the jobs

JD]:rs Ji Jobs J;

.f]u“ .JT”“

Jo | Je |

Je| Tl

Jr | — Jr |

s | 7|

.| 7|

.I-_“ -JT:;“ %
Ja | -JTg“

Ja | Jn“

1234567801012 1415 18 20 1234567809101112 1415 18 20

for each job J; € J in the permutation &, € /1 there may exist

— at most one segment of optimality,
— at most two segments of conditional optimality,
— at most two segments of non-optimality.
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Properties of the Optimality Region

Lemma 1. The segment [pkLr : p}jr] defining all possible durations of the job
Ji, € J isthe union of the segment of optimality, the segments of non-

optimality and the segments of conditional optimality determined for the job
Jy.» r€{l2,...,n}, in the permutationm, = (J, , Iy, ., Iy ) € 11,

Theorem 2. The optimality region for the permutation
g = Iy, Iy, o Jy ) € 11 for the instance 1| p- < p; < p? [ 2. C; isequal

to the optimality region for the same permutation r, for the instance
1| p- < p; < PY | D C; with the reduced segments [f)kLr, f)}jr] of all possible
durations of the jobs J; € J determined in (5).

bt = max {pt ), Y = min {pY | )
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The properties of the Optimality Region

Lemma 2. For the instance 1| p- < p; < pY | > C,; with the reduced segments
[p-, PV ], J; € J, of the job durations determined in (5), the segment of
optimality [Iorpt,ufjft] for the job J, € J in the permutation , /7 has no
common point with the open interval (pde , p‘de) given for any job J, € J,

d #r, i.e., the following equality holds:
[ ug 10 (P PRy ) =2 (6)

Theorem 3. Let the strict inequality p- < p¥ hold for each job J; € J. The
optimality region OR(m,,T) for the permutation m, = (Jy,Jdy, ... dx ) € 11 Is
empty, if and only if there exists at least one job J, €J, r e{l,2,...,n}, in the
permutation m, = (Jy,Jy, ..., ) € 11, which has no segment of optimality and
no conditional optimality.
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Algorithms for calculating the sum
of the relative optimality sets for the jobs J

Algorithm 1.

— tests the equality OR(x,,T) =;

—If OR(xn,,T) = O, then Algorithm 1 constructs an instance
1] pL < p; < pY | > C; with the reduced segments T .

Input: Segments [pl, p ] for the jobs J; € J; permutation
Ty = (Jkl’JkZ ,...,Jkn) ell.
Output: Segments [P, pY ] for the jobs J; € J provided that OR(x, ,T) = &.

Asymptotic complexity:

O(n)
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Algorithms for calculating the sum
of the relative optimality sets for the jobs J

Algorithm 2.
Calculation of the relative perimeter of the optimality region OR(x,,T) for the
fixed permutation m,

Input: A permutation wt, = (Jy ,Jy, ..., J_ ) such that OR(m,,T) = &; segments
[p-, pY ] and [P, pY ] of the possible durations of all jobs J; € J.

Output: The sum > OS(r,) of the relative optimality sets OS(Jy, ,my) of jobs
Jy, € Jin the permutation T, .

OS(Jk Ty )

> 0S(m) = Z (7)
r=1 pk _pk
0S(J,,m) = (U ~IP) + OS P (8)
U (r;) - ICOpt(r)
copt __ Ky
R F T ©)

O(n)
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Calculation of the sum of the relative optimality sets for the jobs J:

Example
Jobs J;
D:_ Ty =(J1,d6:92, 93,94, 95, d7, 310, Jg, Jg)
Jg
Jx | OS copt __ OS copt __ OS COpt 5-4 1
Tyl 4 4
1 O CoPt _ 5-4 8 / l
3 3 12
Is OScopt OScopt 8—7 9_8 §
.L__ 2 6
J % OSCOpt:O
.Ig“ OScopt OScopt OScopt 15_14:}
7, | 3 3
h | —t— ——+—1 — PIHE;?E;IEE ZOS (73) = i (3 + 1) + i (0 + 1) +
123456780101112 1415 18 20
7(0 ) ( *) ( *)+
3 08() = 3 o ke ) P
LR 101—2(1+) 14— 11(3 O)+18—14(0+21%)+
0S(Jy, 1) = (P —I¢P) + OSSP . .
(0 f) (5+>)~3.58
15-12 20 11 3

copt copt
Oslfopt i) uk (r ) I (r )
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Computational results

ATCk =

p_

Zjiej Ci (Tfk; p*) _ZJiEJ Ci (Tct’ p*)

Zjiej Ci (nt' p*)

factual scenario w, — actually optimal permutation for the factual scenario

-100%

n, — the permutation having the largest relative perimeter of the optimality box

T, (70, 7,) —the permutation, in which all jobs are ordered according to non-decreasing

mid-points (between the left bound and right bound)

n A(mp) AT ENETY Alm) |3 08(m)] 3 0S(7x)] 3 OS(m)] ¥ OS(z)
1 2 3 4 A 2 3 4 5
10 1.549414 | 1.660270 | 7.424655 | 6.617099 | 2 929503 2911364 2. 88077 2877416
M| 0O3B6TT | 260664 | DUT22EI5 | GO33R1LE | 3.101165 2025316 2803201 2. B06R08
30 1.198182 | 1.982T67 | 5.827T0958 | 5.004542 3.2504093 J.0568TH 2 0568 2 O65208
40 1. 479872 | 1.905256 | 5572068 | 3.831046 3.33666 3.135732 2 003827 3.00134
50 1. 458717 | 1.710841 | 4.776284 | 3.495722 3.388074 J. 180825 3.034753 J.0267T18
60 1.165505 | 1.340499 | 3.372674 | 3.699239 3.41726 3.212205 J.032864 3.039621
70 | 0972522 | 1.324954 | 3.70249 ( 2280066 | 3. 444275 J3.244189 3.049236 3.052455
bl 1.242643 | 1.431955 | 3.337011 | 2601677 | 3.461468 3. 26680] 3.055648 J.058233
90 | 0918133 | 1161546 | 2616746 | 2583400 | 3 4ATHEEGT J.285013 J.0565T1 3.077345
100 | 0962029 | 1149427 | 2597306 | 2.312391 J. 450012 J.2809753 J.061477 3.067824
1.158569 | 1.627416 | 4.805003 | 3.8450901 3. 320E00) 3.152016 J.001515 J.006315
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Thank you for
your attention
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