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Problem setting 
0=ir  –  release time.  

},...,,{ 21 nJJJJ =   – set of jobs to be processed. 
],[ U

i
L
ii ppp ∈  – processing time of job iJ . 

Preemptions of operations are not allowed.  
The exact value of the duration of a job will be known  
after the completion of this job. The objective criterion is:  

∑
=

n

i
iC

1
→ min (1) 

( iC  – the completion time of job iJ ) 

∑≤≤ i
U
ii

L
i Cppp ||1  (2) 

––––––––––––––––––––––––––––––––––––––––––– 

If U
i

L
i pp =  for all jobs iJ , then an instance ∑ iC||1  can be 

solved in )log( nnO  time*. 
 
*Smith W.E. Various Optimizers for Single-Stage Production. – Naval Research and Logistics Quarterly. – 1956. – 
3, №1. – Р. 59 – 66. 
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A duration vector Tp∈  – scenario 

],[=}},{1,,,|{= 1=
U
i

L
i

n
i

U
ii

L
i

n ppnipppRppT ×∈≤≤∈ + K  - the set 
of all scenarios. 

∑ iCp ||1  – deterministic problem with a fixed scenario Tp∈  

} , . . . ,{ П n!1 ππ=  

Theorem 1. A permutation ПJJJ
nkkkk ∈=π ),...,,(

21
  of the jobs J  is 

optimal for the instance ∑ iCp ||1  if and only if  

nkk pp ≤≤ ...
1
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),...,,(
||21 Miii kkkM = , ...

21
<< ii kk  

||Mik<  - ordered subset of the set },...,2,1{ n  

 
Definition 1. The maximal (with respect to inclusion) rectangular box 

=),( TOB kπ Tululul opt
k

opt
k

opt
k

opt
k

opt
k

opt
k MiMiiiii

⊆××× ],[...],[],[
||||2211  

is called the optimality box for the permutation ПJJJ
nkkkk ∈=π ),...,,(

21
 

with respect to T , if the permutation kπ  being optimal for the instance 

∑ iCp ||1  with the scenario Tpppp n ∈= ),...,,( 21  remains optimal for the 
instance ∑′ iCp ||1  with any scenario  

×××∈′ ...],[],[ 2211 ppppp ×××× ++−− ...],[],[],[ 1111 gggggg ii
opt
i

opt
iii ppulpp  

],[ nn pp× .If there does not exist a scenario Tp∈  such that the permutation kπ  
is optimal for the instance  ∑ iCp ||1 , then ∅=),( TOB kπ . 
 

opt
k

opt
k

opt
k

opt
k rrrr

ulul ≤],,[ , - segment of optimality for the job JJ
rk ∈  

The Optimality Box 

(3)  

(4)  

RELATED RESULTS: 
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Definition 2. The maximal closed region ),( TOR kπ T⊆  in the set nR+  is called 
the optimality region for the permutation ПJJJ

nkkkk ∈=π ),...,,(
21

 with 
respect to T , if the permutation kπ  is optimal for the instance ∑ iCp ||1  with 
any scenario ∈= ),...,,( 21 npppp ),( TOR kπ . 
If there does not exist a scenario Tp∈  such that the permutation kπ  is optimal 
for the instance  ∑ iCp ||1 , then ∅=π ),( TOR k . 
 
 

),(),( TORTOB kk π⊆π  

The Optimality Region 
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The Optimality Region: Example  

Types of segments for each job 
in the fixed permutation  

JJ
rk ∈

JJ
rk ∈

ПJJJ
nkkkk ∈=π ),...,,(

21

the segment of optimality 

the segment of conditional optimality 

the segment of non-optimality 

],[],[ U
k

L
k

opt
k

opt
k rrrr

ppul ⊆

],[],[ U
k

L
k

copt
k

copt
k rrrr

ppul ⊆

],[],[ U
k

L
k

non
k

non
k rrrr

ppul ⊆
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The segment of optimality 

Types of segments for each job 
in the fixed permutation  

JJ
rk ∈

JJ
rk ∈

ПJJJ
nkkkk ∈=π ),...,,(

21

the segment of optimality 
],[],[ U

k
L
k

opt
k

opt
k rrrr

ppul ⊆ (Definition 1) 

permutation kπ  being optimal for the 
instance ∑ iCp ||1  with the scenario 

Tpppp n ∈= ),...,,( 21 , remains optimal 
for the instance ∑′ iCp ||1  with any 
scenario  

×××∈′ ...],[],[ 2211 ppppp  

××× −− ],[],[ 11
opt
i

opt
iii gggg

ulpp  

××× ++ ...],[ 11 gg ii pp ],[ nn pp . 
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The segment of non-optimality 

Types of segments for each job 
in the fixed permutation  

JJ
rk ∈

JJ
rk ∈

ПJJJ
nkkkk ∈=π ),...,,(

21

the segment of non-optimality 

],[],[ U
k

L
k

non
k

non
k rrrr

ppul ⊆

for any each point ],[* non
k

non
kk rrr

ulp ∈  , the 
permutation ПJJJ

nkkkk ∈=π ),...,,(
21

 
cannot be optimal for the instance 

∑ iCp ||1  with any scenario 
Tpp

rk ∈= ,...)(..., *  

there exists a job JJ
vk ∈ , vr < , 

non
k

U
k

non
k

U
k rrrv

uplp =<=  

or there exists a job JJ
wk ∈ , rw < , 

L
k

non
k

L
k

non
k wrrr

pupl =<=  
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The segment of conditional optimality 

Types of segments for each job 
in the fixed permutation  

JJ
rk ∈

JJ
rk ∈

ПJJJ
nkkkk ∈=π ),...,,(

21

the segment of conditional optimality 
],[],[ U

k
L
k

copt
k

copt
k rrrr

ppul ⊆

for each point ],[* copt
k

copt
kk rrr

ulp ∈  , 
],[* non

k
non
kk rrr

ulp ∉ , there exists a job 
JJ

dk ∈ , rd ≠ , with the inclusion 
],[* U

k
L
kk ddr

ppp ∈ . 
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Properties of the segments for the jobs  

JJ
rk ∈

∅=∩ ],[),( opt
k

opt
k

non
k

non
k rrrr

ulul

∅=∩ ),(],[ opt
k

opt
k

copt
k

copt
k rrrr

ulul

∅=∩ ),(],[ non
k

non
k

copt
k

copt
k rrrr

ulul



11 

JJ
rk ∈

for each job JJi ∈  in the permutation Пk ∈π  there may exist  
– at most one segment of optimality,  
– at most two segments of conditional optimality, 
– at most two segments of non-optimality. 

Properties of the segments for the jobs  
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Lemma 1. The segment ],[ U
k

L
k rr

pp  defining all possible durations of the job 
JJ

rk ∈  is the union of the segment of optimality, the segments of non-
optimality and the segments of conditional optimality determined for the job 

rkJ , },...,2,1{ nr∈ , in the permutation ПJJJ
nkkkk ∈=π ),...,,(

21
. 

Theorem 2. The optimality region for the permutation 
ПJJJ

nkkkk ∈=π ),...,,(
21

 for the instance ∑≤≤ i
U
ii

L
i Cppp ||1  is equal 

to the optimality region for the same permutation kπ  for the instance 
∑≤≤ i

U
ii

L
i Cppp |ˆˆ|1  with the reduced segments ]ˆ,ˆ[ U

k
L
k rr

pp  of all possible 
durations of the jobs JJi ∈  determined in (5). 
  

}{ L
knrj

L
k jr

pp
≤≤≤

=
1
maxˆ , }{ U

knjri
U
k jr

pp
≤≤≤

= minˆ  (5)  

Properties of the Optimality Region 
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Lemma 2. For the instance ∑≤≤ i
U
ii

L
i Cppp |ˆˆ|1  with the reduced segments 

]ˆ,ˆ[ U
i

L
i pp , JJi ∈ , of the job durations determined in (5), the segment of 

optimality ],[ opt
k

opt
k rr

ul  for the job JJ
rk ∈  in the permutation Пk ∈π  has no 

common point with the open interval ),( U
k

L
k dd

pp  given for any job JJ
dk ∈ , 

rd ≠ , i.e., the following equality holds: 
∩],[ opt

k
opt
k rr

ul ∅=),( U
k

L
k dd

pp  (6)  

Theorem 3. Let the strict inequality U
i

L
i pp <  hold for each job JJi ∈ . The 

optimality region ),( TOR kπ  for the permutation ПJJJ
nkkkk ∈=π ),...,,(

21
 is 

empty, if and only if there exists at least one job JJ
rk ∈ , },...,2,1{ nr∈ , in the 

permutation ПJJJ
nkkkk ∈=π ),...,,(

21
, which has no segment of optimality and 

no conditional optimality. 

The properties of the Optimality Region 
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Algorithms for calculating the sum 
of the relative optimality sets for the jobs J 

Algorithm 1.  
– tests the equality ∅=π ),( TOR k ; 
– If ∅≠π ),( TOR k , then Algorithm 1 constructs an instance 

∑≤≤ i
U
ii

L
i Cppp |ˆˆ|1  with the reduced segments T̂ . 

 
Input: Segments ],[ U

i
L
i pp  for the jobs JJi ∈ ; permutation 
ПJJJ

nkkkk ∈=π ),...,,(
21

. 
Output: Segments ]ˆ,ˆ[ U

i
L
i pp  for the jobs JJi ∈  provided that ∅≠π ),( TOR k . 

 
Asymptotic complexity: 

)(nO
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Algorithms for calculating the sum 
of the relative optimality sets for the jobs J 

Algorithm 2.  
Calculation of the relative perimeter of the optimality region ),( TOR kπ  for the 
fixed permutation kπ   
 
Input: A permutation ),...,,(

21 nkkkk JJJ=π  such that ∅≠π ),( TOR k ; segments 
],[ U

i
L
i pp  and ]ˆ,ˆ[ U

i
L
i pp  of the possible durations of all jobs JJi ∈ . 

Output: The sum ∑ π )( kOS  of the relative optimality sets ),( kkr
JOS π  of jobs 

JJ
rk ∈ in the permutation kπ . 

 

∑∑
= −

π
=π

n
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k
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k
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k

rr

r

pp
JOS

OS
1

),(
)(  
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k

opt
k

opt
kkk rrrr

OSluJOS +−=π )(),(  

∑
−

=
=

)(

1 ||
)()(rn

j j
r

j
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kj

copt
kcopt

k J
rlru

OS rr
r

 

(7)  

(8)  

(9)  
)(nO
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∑∑
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∑
−

=
=

)(

1 ||
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j j
r
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k J
rlru

OS rr
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Calculation of the sum of the relative optimality sets for the jobs J:  
Example  



17 

Computational results 

%100
),(

),(),(
*

**

⋅
π

π−π
=π∆

∑
∑∑

∈

∈∈

JJ ti

JJ tiJJ ki
k

i

ii

pC

pCpC

−*p factual scenario 
−πb the permutation having the largest relative perimeter of the optimality box 

−πππ ),( rlm the permutation, in which all jobs are ordered according to non-decreasing 
mid-points (between the left bound and right bound) 

−πt actually optimal permutation for the factual scenario 
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Thank you for 
your attention 
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