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Investment Problem

n investment projects
A —investment budget (4 arbitrarily given from some interval [4°,4"])
f;(t) -- profit function of project j

The objective is to define an integer amount #;in [0,4] for each project to maximize the
total profit.

Y ;<=4

> fi(tj) max
(¢;1s integer)

S. Kameshwaran and Y. Narahari, Nonconvex Piecewise Linear Knapsack Problems, Eu-
ropean Journal of Operational Research, 192, 2009, 56 - 68.
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A special case of this problem is similar to the well-known bounded knapsack

problem:
maximize } " T
‘ j=1Pjtj

st Y0y S A )
I € [ﬂbj], I € 4, 1=12,...,n,
for which a dynamic programming algorithm (DPA) of time complexity O(nA) is known

3]

3. H. Kellerer, U. Pferschy and D. Pisinger, Knapsack Problems, Springer-
Verlag, Berlin, 2004.
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The following problem is also similar to the problem under consideration:

minimize Z,?:l fi(z;)

s.t. ZF:IIJ' > A, (2)

T € [0, Al r; €24, j=12,...,n

where fj(z;) are piecewise linear as well. For this problem, a DPA with a running time
of O()_ kjA) [4] and a l’ulh p::hh nomial-time approximation scheme (FPTAS) with a
running time of O((_ k;)° /<) [5] are known.

4. D.X. Shaw and A. P. M. Wagelmans, An Algorithm for Single-ltem Capacitated
Economic Lot Sizing with Piecewise Linear Production Costs and General Holding
Costs, Management Science, Vol. 44, No. 6, 1998, 831-838.

5. S. Kameshwaran and Y. Narahari, Nonconvex Piecewise Linear Knapsack
Problems, European Journal of Operational Research, 192, 2009, 56- 68.
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In this paper, we deal with piecewise linear functions fj(:r}. Suppose that the
interval [0, A] can be written as

J’JUttJ]U Ukl U ULj—lj.i-.:j]

such that the profit function has the form f;(z) = b? -I—taj’{:s } ifr € ( h1 k]:

1
]
where k 15 the number of the interval, b{ﬂ 18 the value of the funct.mn at the hegmning
of the interval, and -u;“-" 15 the slope of the function. Without loss of generality, assume

that b} < b2 <. <Y and ¥ € Z, j €N, k=12....k;, and that £ = 4, j =
1,2,....n.
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Investment Problem

1

3
fs :
: 3
2 4
f
4
A .
2/; b -] t 1 3_'1 .1 t
K 1 2 3 4
interval K | [0,3) | [3,10) | [10,13) | [13,25]
bE 0 0 7 3
ult 0 1 1 0
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Graphical Algorithms for the Investment Problem

Running time of the classical dynamic programming algorithm: O(nA?).
Running time of the best known dynamic programming algorithm: O(JkA).

F(1) = max {f(0)+Fa(l -0}, T=AA-1...1

In the graphical algorithm, the functions fj(t) and the Bellman functions (value function)
F;(t) are saved in a tabular form:

K 1 2 e k;
: . 1 42 2 43 K
interval K | [t;,45) | [t5.47) | - [tj ; A)
K 1 2 '
b‘j bj b‘j - @ @ b‘i
K 1 2 'j
u; u; u e U

Running time of the 1st version of the graphical algorithm: O(nk ., A log(k, ., A))
Running time of the 2" version of the graphical algorithm: O(3 kA)

Running time of the FPTAS based on the graphical algorithm: O(n(loglog n)} k/¢)
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Graphical algorithm for Investment problem

1 3
fs :
7 3
2 4
f L
2 4
2/; x5 i : 3_-1 5] i
K 1 2 3 4
interval K | [0,3) | [3,10) | [10,13) | [13,25]
bF 0 0 7 8
ult 0 1 1 0
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In this paper, we present an alternative solution algorthm with a running time
of O), k) and an FPTAS based on this solution algorithm with a running time of

0[), kinloglogn/z)
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FPTAS for 6 scheduling problems

(a) (b)

A A
F, F,
F:i(t} =ub(t-4£!) + by
RS BT D T -
> YT - hﬁ'] >
& 15; 1 ¢ -2 {1} 1 t% tfr 1 "
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FPTAS based on the Graphical Algorithm

k 1 2 o mj + 1 mj + 2
nterval b | (oot | (] [ | (0 ] [ ()
b3 0 by ... bt oo

u.;c 0 u? ce u?lj_H 0
W;F 7"; 71'_? ﬂ-:,nﬁ‘l (1,2,....7)

In the table, O<b/’<b/<... since function F(t) is monotonic with t being the starting time.
The running time of the graphical algorithm is O(n min{UB,d}) for each straddling job x.

To reduce the running time, we can round (approximate) the values b/ *<UB to get a

polynomial number of different values b/

Let § = ng . Round b} up or down to the nearest multiple of )
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The idea of the FPTAS is as follows. Let § = 28 To reduce the time complexity

T
of the GrA, we have to diminish the number of columns |F;.B| considered, which
corresponds to the number of different objective function values b € F;.B,b < UB. I
we do not consider the original values b € F;.B but the values b which are rounded
. T 2
up or down to the nearest multiple of ¢ values b, there are no more than 53 = ”’E
different values b. Then we will be able to approximate the function F;({) into a similar

: . 2 : .
function with no more than 2“? break points. Furthermore, for such a modified table
representing a function Fj— (), we will have

eF(m7)
—

Fi()-F5(t)) <0<
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FPTAS based on the Graphical Algorithm

L

‘ . e n
no more than “2 = 22 different values b} no more than 4% columns

cumulative error will be no more than nd < eF (7*)

The running time of the FPTAS is O( ﬁ)
€
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FPTAS for 6 scheduling problems

idle)||max ) T

Problem Time complexity of the GrA Time complex- | Time
ity of the FP- | complex-
TAS ity of the
classical
DPA
1| > w;U; O(min{ 2", n - min{d 4z, Fope } }) 9] - O(nd,y 4z )
l|d; = di+ Al )_U; | On?) [5] (GrA) - O(n ). pj)
1] ), GT; O(min{2". n - {dyae,nF*}}) O(n*loglogn + | O(ndy ez )
)
[>T special | O(min{2", n - min{d,, ., F*}}) O(n*/e) O(nd 4z )
case B —1
| > T special | O(min{n? - min{d,, 4, F*}}) On?/e) Om°dp oz )
case B — 1G
ld; =d| ) w;T; O(min{n® - min{d, F*}}) O(n®/e) On*dy s )
1(no- O(min{ 2", n - min{dy e, nF*,)_w;}}) | Om*loglogn + | O(ndy )
idle)||max ) w;T; | [5] TL_E)
1(no- O(n?) [4] (GrA) - O(nd,y 4z )
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