Solutions to the exercises of the book
A Refresher Course in Mathematics

by Frank Werner

(final version, date: 3 May 2017)

1 Some Mathematical Foundations

1.1: AnB ={11,13,17,19,23,29};
A\ B = {2,3,5,7,31,37,41,43,47,53,59, .. .},
B\ A = {10,12,14, 15,16, 18,20, 21, 22, 24, 25, 26, 27, 28, 30};

1.2: [UL =[-3,4) LnL=(-1,4); L\L=[-3-1]u{d L\L =10
LHUI3 = [—3,5); Ilﬂ13:(3,4]; Il\Igz [—3,3}; 13\11:(4,5)
ILyUul; =(-1,5); LLNIz= (3,4); I\ I3 = (—1,3]; I3\ I, = [4,5).

1.3: XUY = {a,bd,c, f,g.h}; XNY ={be}; X\Y ={a,d f};
(XUY)NZ={a,h}; (Y\Z)UX ={a.b.de,[.g}.

1.4: (a) X; (b)Y; (c) XUY.

1.5: (a) 120; (b) 211; (c) 48,788,677, 504.

2 Real Numbers and Arithmetic Operations

2.1: (a) 4a® — 20ab?® + 25b%; (b) z* — 9y2.

2.2: (a) 4a*(3a +1); (b) 3(x — 2y)(a — 5b); (c) 2% Yz — 2t - 1).

13 3 17

2.3: (a.) .I'l == 1, .%'2 = 37 (b) xl = 57 x2 e —?

247
2.4: —.

504
2.5. e~ 1(a=2)

2—a

2.6: 2 1Y

r—y

2.7: (Note: In the third fraction of the task, x must be replaced by u and y must be replaced by

Qv —u )

v, i.e.: 5
2uv — 6v



SN

4
2.8: ———.

Ty
3y — 5z
5y — 3z
912
27

2.9:

2.10:

92

2.11: 1041525, b) ———.
(a) 2Ty 2% (b) T500a7

2.12: 23y 2 24,

2.13: (a) 27 V/9; (b) 56 + 14+/15; (c) V2.

1 1 3
214t () a5 = Vel () vE (@ LR Tma (@ YO
5 - 1—-ax
In12 In10
7
2.16: (a) 3; (b) 5
3 Equations
3L@e=3  (Mo=F:  (Qr=2

(d) for a = 1: = # 0 arbitrary; fora #1: x =1;

2 2
2ab —
(e) x =12 (f) x:% for b # —1.
2(vot — s)
3.2: g= 2
33: (a)z=1, y=-3; (b) no solution.

2b 2
3.4: (a) 11 =3, x2=—4; (b) x1 = - fora #0, z= % for b # 0;

(c) no real solution; (d) 21 = -2, z0 =4;
b+1 b+1
(e) 1 = + , Lo = — + fora>1,b>—-1lora<1,b<—1;
a—1 a—
x arbitrary for a = 1 and b = —1; no solution for a = 1 and b # —1;
b 1
() z1=a, 22 = 5 (8) 21 = V2, 22 = —V2; (h) 21 =100, 22 = .



3.5: (a) 22 + 2 — 30 = 0; (b) 22 — 4z — 1 =0.

3.6: (Note: In the formulation of the task, the fraction % must be replaced by the fraction E)
x a

1 V1—4ad3 511
Tip=——= 7a; the solutions are real for a < ¢/ =;
/ 2a 2a 4

3.7: (a)z1 =2, y1=3 and To=—2, y3=—3;

(b)z1 =3, y1=5 and To =05, yp=3.

1 a+b\>
3.8: (a) z = 11; (b) x = g9’ (c) x = 16; (d) x = 2 for a # b;
a_
(e) z=a fora<bd.
3.9: (a) z = 5; (b) x =9 (z = —9 is not a solution); (¢) x =1,000;
(d) x = 3; (e) x =2 (f) =0 (z =8 is not a solution).
3.10: (a) z = 3; (b) z = —4; (c) z =1; (d) z = —2; (e) z = 0;
1
(f)x:—g; (g) x1 =1, xz2=2; (h) z = 1flagb for lgb # —1.

3.11: 37.67 EUR.

3.12: 175 minutes.

3.13: daily distances: 190 km, 152 km and 114 km.
3.14: z ~ 1.51.

3.15: £ ~ 5.22.

4 Inequalities

it @esin Mo @oc(-lgl @eem DUl
re ()0 2)
4.2: (a) x € (o0, —4] U [3,00); (b) z € (—oo,—;] U [180oo> (c) z € [-2,2) U[4,00);

(d) z e (-3,-2)U <;,oo); (e) x € (—00,2 — V/34) U (7,2 + /34).

4.3: (a) z € (—4,-3) U (2,00); (b) z € [0,2] U [3, 00).

4.4: (a) z € (—o0, —6] U [—v14,V14] U [6, 0); (b) x € [—4,4];



©ve (o -nUlLos @ |22

(0) 2 € (—00,—8] U [2, ﬂ (f) z € [=3,2].
4.5: (a) x € [-3,0] U [1,4]; (b) z € (—2,0).
4.6: (a) 7 € [2, ?Z] (b)z <97 ()a< ;; (d) z € (—00,—2 —V/2) U (=24 2, ) .

5 Trigonometry and Goniometric Equations

5.1: (a) ay = 14.4775°,  ap = 165.5225%; (b) a1 = 123.367°, g = 236.633°;
(c) a1 = 63.4349°, g = 116.5651°, a3 = 243.4349, oy = 296.5651;

(d) a1 = 30°, a9 =150°, az=210°, a4 = 330°.

5.2: =72, a=6.18cm, b=19.02cm.

5.3: o =49,97°, 3 =40.03°, c=3.265m.

5.4: o = 30.37°, [ =42.39°, -~ =107.24°.

5.5: A =78.42 cm?.

5.6: (a) x1 = 30°, 9 = 150

(b) xy = 42.58°, 1my = 137.42°, x3=227.65°, x4 = 312.35%;

(¢) x1 =90°, @9 =270°, x3=187.18° x4 = 352.82%

(d) Il = 71.570, Ty = 251.570, r3 = 450, Ty = 225°.

6 Analytic Geometry in the Plane
3 2
6.1: (a) normal form: y = =2 + 2 intercept form g + % =1,
3 7
2 . T
(b) normal form: y = £ +1, intercept form: — +

2

3
(¢) normal form: y = % intercept form does not exist.

6.2: (a) y=V3z+(1-3V3);  (by=x; ()y=—-z+2



2 T g
6.4: (v —1)2+ (y —1)? = 25.
: 80
6.5: parabola open from the right, apex: (xg,y0) = ﬂ,o .
6.6: (a) parabola open from the left, apex: (zo,y0) = (28, —2);

1
(b) parabola open from above, apex: (zg, ) = <O, 0);

8
1
(c) parabola open from below, apex: (xg,yo) = <3, 5);
22 42
6.7: the other half axis is b = 10, equation of the ellipse is % + 100 = 1
(note that b =5 leads to a contradiction).
—1)2 —1)2
6.8: equation of the hyperbola is (2 16 ) — y 19 ) =1.
7 Sequences and Partial Sums
10 14 8
71: (a) a1 =6, ax=4, a=-, w=3 =, 6=g;
1 2 3 4 1
b)by =0, by=—=, bs==, by=——, bs=—-, bg=—=;
( ) 1 3 2 67 3 7a 4 87 5 97 6 27

(c)er=3, =9, ¢3=19, ¢4 =33, ¢;=51, ¢g=73.

7.2: ay cannot be determined since {a,} is neither an arithmetic nor a geometric sequence.
7.3: 815.

74:d=3, a1=0, a,=3n-1).

7.5: There is no unique solution to the problem. We obtain the equality

650+1
n=—+1
d

Since n must be integer, we may have
de{1,2,5,10,13,25,26,50,65,130, 325,650}

(i.e., there are 12 solutions). Moreover,

650 1
n=|—4+1]-1402 - —.
S <d +> 0 5



For instance, for d = 10, we obtain n = 66 and sgg = 46, 266.

7.6: {a,} is not monotonic, the largest term is ag = 16 limit L = 0.
7.7: a1 = 3, a1 18 the first term with an absolute value less than 0.01.

7.8: 174 terms are less than 700.

1
7.9: a1 =18, ¢q= 3

7.10: (a) sequence {ay} is strictly decreasing;

(b) sequence {by,} is strictly decreasing

(note that the obtained quadratic equation in n does not change the sign for n > 1);
(c) sequence {c,} is strictly decreasing.

7.11: (a) sequence {ay} is strictly decreasing and bounded, limit L = —6;

(b) sequence {b,} is not monotonic but bounded, limit L = 0;

(c) sequence {c,} is decreasing and bounded, limit L = 0.

2
7.12: (a) —;
e

1
(b) for a = 0, the limit L does exist: L = 3

for a # 0, the limit L does not exist (L = oo for a > 0 and L = —co for a < 0);

(c) forcy =1and ¢y =4: L =0.

7 15 45 57
7.13: (a) s1 = 3 2=, s = 12, s4, =17, s5= 50 S6= 5
(b) 51 = 0.3333, so = 1.1458, s3 = 2.6125, s4=4.8417, s5=T7.8988, s¢= 11.8259;
1 1 13 7

=0 == =—= = — =0.4333 =——=-0.2333
(c) 51 =0, s 3 S3= g S4= g5 , 85= 35 ;

101

= — = 0.4810.

%67 210
7.14: (a) 97.5; (b) is not an arithmetic sequence, but for b3 = +1, we get s19 = —290;
(c) —560.

7.15: (a) 0.2977;  (b) 0.6;  (c) —12,285.

7.16: (a) 14,450;  (b) 2.9986;  (c) 63.9844.



8 Functions

25
8.1: (a) Dy =R, Rf=R; (b) Dy =R, Ry =Rcy; (c) Df =R, Ry= [—,oo);

(d) Dy =Rs_3, R;=Rso;  (e) Dy =Rso, Ry=R;  (f) Dj=R, R;=Rsy;
(g) Df = (007 _3] U [37 00)7 Rf = RZO; (h) Df = IR>0a Rf = R;
(i) Dy =R, Rj=Rx.

16w—|—8'

8.3: (a) f(x) =32 + 227 — Tz — 4+ FEEDE

) 422 + 10z 4+ 4
2 +3r+1

8.4: (a) Dy =R, Ry=1[-2,2], zeroes: z} = iy —

5 k= Z’k € 7Z; period: m;

11

b) Dy =R —|-=. =
(b) Dy 7Rf[2,2

]; zeroes: xp = 37 + 2kw, k € Z, period: 4m;

() Dy={weR|a# (5 —V3)+hm keZ}, R;=F,

zeroes: xj, = kn — /3,k € Z, period:

(A) Dy ={r€R s #£kr—1,keZ}, Rp=R (fors£0), zeroes: zj = (g—1> Vkm, ke,
period: .

8.5: (a) (fog)(x)=e"+3, (9o f)(x)=e""

(b) fog not defined, (go f)(z) = /(z — 1) (22 + 1);

(c) fleg)(z) = (Inz+1)%  (go f)(z) =In(z +1)%

(d) (fog)(z) =222+ 22 — 5, (go f)(z) = 4a? + 62 + 1.

8.6: (a) yzf‘l(x)Z%(H?); (b) y = fHz) = Vo = 3; (©)y=[fHz)=(z+ 1%

2
(d)y=f)= %ln(x +1); (e)y=f1z)=16 (a: + 1) ; (f) f~! not defined.

9 Differentiation

9.1: (a) L, = L; = L = s (limit exists); (b) L, = L; = 2 (limit exists);

(¢) Ly = L, = L =0 (limit exists); (d) L; =5 # L, = 4 (limit does not exist) .



9.2: (a) L = —4; (b) L; = 00, L, = —oo (limit does not exist);

(¢) Lj = —00, L, = 0o (limit does not exist).

9.3: (a) f discontinuous at zy = 4, pole; (b) f continuous at xg = —3;

(c) f discontinuous at xop = 1, jump.

9.4: (a) f'(x) =2z — 5+ 3sinux; (b) f'(x) = (32% — 1) cosz — (23 — z) sin z;

1—cosx+xsinz
(2 + cos z)?

() @) = D@ @)= <zm_3m+m>3.<6xz_3+;>;
(e) f/(x) = cos(@? + 4w + 1)% - 3(2? + 4z +1)2 - (2z + 4);

(f) f/(z) = 3cos?(2? + 4o + 1) - [ sin(2? + 4o + 1)] - (22 + 4);

, e’ - cose” / Az ' 1— 22 —a’
) f'@) =S W@ =g5— OS@= "
5: (a) f'(z) = o3 (a:_ ln3m); (b) f'(z) = cosx — 2sinz; (c) f(x) :_Silllw;

(d) f'(z) = *Z(cfi“/“ =27 2 pam (o) f(a) = 22€™ (1 + 2?);

(e® + 1) sinz — (e* + Inz) cosz

(1) f(a) = S PR () o) =3V T e (e 4 2).

s~ x

6: (a) f"(x) = sin 2z(82% —12) — 242 cos 2; (b) f"(z) = %; (c) f"(x) = —m;

(d) f"(z) = 4e?*(1 + 22).

1
9.7: (a) z1 = 0 local minimum point, x2 = 1 local maximum point,
x3 = 2 local minimum point;
(b) x = —1 local maximum point;
(¢) z = 0 local maximum point;
(d) 1 = 0 local maximum point, z2 = 4 local minimum point;
(e) 1 = v/3 local maximum point, 3 = —/3 local minimum point;
3 . .
(f) z = B local maximum point;
(g) 1 = 2 local minimum point with f(2) = 0;
x9 = e~ 2 + 1 local maximum point with f(e™2 + 1) = 4e™2;

(h) = —1 local maximum point.

; (b) oo (i.e., limit does not exist); (c) —; (d) oo; (e) oo;



) 1 (2) 1; (h) 0.

9.9: (a) Dy =R, =zeroes: x1 =—2, xp=x3=ux4=2; no discontinuities;
extreme point: 1 = —1 local minimum point;
monotonicity: strictly decreasing for x € (—oo — 1],  strictly increasing for z € [—1, 00);

inflection points: z1 =0, x9 = 2;
convexity /concavity: strictly convex for x € (—00,0] and x € [2, 00), strictly concave for = € [0, 2];

xgljtloo f(ZL‘) -

(b) D ={x e R|x#1}, zeroes: 1 =x2 =23 =0, discontinuity: z =1 pole;

extreme point: ;1 = 3 local minimum point;

monotonicity: strictly increasing for x € (—o00,1) and [3,00), strictly decreasing for z € (1, 3];
inflection point: x = 0;

convexity /concavity: strictly convex for x € (0,1) and z € (1, ),

strictly concave for x € (—o0,0);

im_f(@) = —o0,  lm f(a) = oo

(c) Dy ={z eR |z #2}, zero:z= %, discontinuity: x = 2 pole;

extreme point: x = 1 local maximum point,

monotonicity: strictly increasing for z <1, strictly decreasing for x € [1,2) and z € (2, 00),

inflection point: z = 3"

2 2
convexity/concavity: strictly convex for z < 3 and x > 2, strictly concave for x € [3, 2),
li =0;
N, (@) =0

(d) Df =R, no zeroes, no discontinuities,

extreme point: £ = 1 local maximum point,

monotonicity: strictly decreasing for x € (—oo, 1],  strictly increasing for x € [1, 00);
no inflection points;

convexity /concavity: strictly convex for x € (—oo, 00);

im f(x) = oo;

(e) Df =R, zeroes: x1 = 2 =0,



extreme points: 1 = 0 local minimum point, z2 = 2 local maximum point;

monotonicity: strictly decreasing for x € (—00,0] and z € [2,00), strictly increasing for x € [0, 2];
inflection points: 1 = 2 — V2, 29 = 2+ V/2;

convexity/concavity: strictly convex for z € (—00,2 — v/2] and z € [2 + /2, 00),

strictly concave for z € [2 — V2,2 + \/5]7

lim f(x) =o00; lim f(z)=0;

T—r—00 T—r00

(f) Dy ={zr eR |2 <2}, zeroes: x =0,20 =2, no discontinuities,

4
extreme points: 1 = 0 local minimum point, x9 = 3 local maximum point,
. . . 4
monotonicity: strictly decreasing for x € (—o0,0] and z € 3 2],

. . . 4
strictly increasing for = € |0, 3 ;

inflection point: x = 2;
convexity /concavity: strictly concave for x € (—o0,0] and z € [0, 2],

lim f(z) = oo

T—r—00

(comment: We defined roots in general only for non-negative numbers. If one would allow to
calculate the root x = {/a with an odd root exponent n also for negative numbers a as a solution
of the equation 2" = a, one could extend the domain to Dy = R and gets the additional results:

convex for x € [2,00); lim f(x) = —o0);
Tr—00
(g8) Dy =R, zero: x =0, no discontinuity;

n
extreme point: x = = ~ 0.46 local maximum point;

In16
inflection point: z = HT ~ 0.92;

lim f(z)=—o00, lim f(z)=0;

=00 z00
(h) Dy =R, zero: x = 10;

extreme points: 27 = 10(1 — v/2) local minimum point,

r2 = 10(1 + v/2) local maximum point,

monotonicity: strictly increasing for z € [10(1 — v/2), 10(1 + /2],
strictly decreasing for x € (—o0,10(1 — /2] and z € [10(1 + /2, 00);

inflection points: 21 = —10, 3 = 10(2 —/3), x3 = 10(2+ V/3)

10



(hint: one zero of a cubic equation must be numerically found (or guessed), then perform polyno-
mial division to get a quadratic equation and apply the solution formula);

convexity /concavity: strictly concave for x € (—oo,z1] and x € [z2, x3],
strictly convex for x € [x1,z2] and z € [z3,00);

lim f(z)=0;

r—+0o0

1
(i) Dy ={z €R |2z #0}, zero: T=-3,
: 1,
extreme point: T = Z\/ZL ~ 0.39685,
. : : ) 1 : . 1,
monotonicity: strictly increasing for z > 1\/41, strictly decreasing for z < Z\/i,

1 1
convexity/concavity: strictly convex for z < —5 and x > 0, strictly concave for —3 <z <0,
li = 00.
AR f7) =00

1
9.10: R = @, L =100 (with A ~ 6,366 m?).
T

/ .14
9.11: radius R = ¢ K, height H = </7
27 7T

(i.e., the height is equal to the diameter 2R).
9.12: x =~ —0.4263.

9.13: =z =~ 2.19582.

10 Integration

x

1 5 s 15 15 2
. 34 - . 24 22 17 . _ —2.5
10.1: (a) z° + 5 In|z| + C; (b) 51 VT 7 Ve + C; (c) o 042~ 4+ C.
1, 2
10.2: (a) gln z + C, (b) —e®s* + C; (c) gln\Sx— 1]+ C;
1 2 1
() _ge—(4+3z> ie? (¢) 1 V(2 +52)3 +C; (f) g\/l + 22 (22 —2) + C;

() g +2* -~ (4240 () /B PP4C () -

- —sinz + C;
sin x

1
(j)ﬁsin%t—}—c; (k) 2In|e* + 1] —z+ C.

11



1 1 1
10.3: (a) —e*® (x - > + C; (b) §e$(sinx —cosz) + C; (c¢) xtanz + In| cosz| + C;

4 4
1 _ z? 1 ) ,
(d) i(a:—smx cosz) + C; (e) 5 lna:—§ + C; (f) cosz(2 — z%) + 2z sinz + C.
2 1 2
10.4: (a) 54; (b) 1; (c) 3’ (d) v20 — 2; (e) 5(91119 —8); (f) 3
() 4 or
10.5: (a)
2
/ coszdr =0 area: 2
0
2
(b) 54; (c) 105.
10.6: (a) 0.5659;  (b) 0.5589;  (c) 0.5371.

11 Vectors

11.1: (a) sums:

2 8 2
a+b=| 2], a+c=| -3 |, b+c=| 5 ,
9 —4 1

differences

6 0 —6
a—b= -8 ], a—c= -3 ], b—-c= ) ,
-5 8 13

(for the opposite differences, the sign of each component changes);

(b)
38 —26
6a—3b+2c=| -33 |, 5b-3c— = 28 |;
—21 51

/(a,b) =100.91°,  Z(a,c) =84.10°, /(b,c) = 141.73°.

L[ 3
11.2: |a| =4, - | V6 |.
1\

11.3: z = 4.

(c) angles:

11.4: A= —1.

12



11.5:

11.6:

12

12.1:
12.2:

12.3:

12.4:

12.5:

12.6:

12.7:

12.8:
12.9:

12.10

12.11:

12.12:

12.13:

12.14:

12.15:

12.16:

7
axb=| -2 |;
17

1
A= 5 V552 ~ 11.7473.

Combinatorics, Probability Theory and Statistics

P(4)- P(3) =4!- 3! = 144.
P(6) = 6! = T720.

P(9:2,4,1,2) = 3, 780.

10 25 5
() (%) (3) = 5,790,
V(3,8) = 3% =6,561.

(a) C(4,12) = (142) — 495, (b) V(4,12) = 11, 880:

(a) (b) () (d) 2

1. . 1.
4’ 2’ 8’ 8

B=A1UAyU A3, C=A1NAyN A3, D:EOTQQE

E(X)=1.07, o0%(X)=1.7451.

: P(0< X <2)=0.6321.

(a) 0.8042; (b) 0.9308; (c) 0.2054.

(a) 0.2639; (b) 0.0574; (c) 0.0016.

(a) 0.97725; (b) 0,000032; (c) 0.9744;

0.9545.

10 A={78,...,17}.

13

For a = 0.05 we get: 26 € A = {26,27,28,29,30}.

(d) 0.000064.



